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1. Introduction

An original response matrix for terrestrial gamma
ray spectrum unfolding was derived in 1970V to
evaluate the exposure rates. Since then, some
improvements have been made to obtain not only the
exposure rate but also many more pieces of informa-
tion about terrestrial gamma ray fields such as effec-
tive dose rate, concentrations of potassium (K),
uranium (U) and thorium (Th) in the environment
and discrimination between natural and man-made
contributions?.

In this paper, standard response matrixes are
reevaluated for various sizes of Nal(T1) scintillators
so that a more precision spectrum unfolding can be
done. In addition, parameters required to evaluate the
concentrations of K, U and Th are also updated.

In order to evaluate the quantities just mentioned
as accurately as possible, we have to prepare a
response matrix tailored to the performance of indi-
vidual scintillators. This paper proposes a diagonal
elements fitting (DEF) technique. From the standard

response matrix, this technique enables us to repro-
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duce a new matrix easily and quickly matching the

resolution for a scintillator used for measurement.

2. Outline of the Response Matrix
Method

2 -1 Principle

The spectrum unfolding® is carried out based on
the relationship between a measured pulse height
distribution, P(¥), and an incident gamma ray

energy spectrum, N (E),

P(W=£R(KE)N(E)ﬁ (¢))

where R (V,E) is the response function of the detec-
tor.

Since pulse height distributions are measurable at
a set of discrete energy bins, Eq.(1) can be replaced

by a matrix equation

n
Pi=)\R;N, i=12..,n @
Jj=1

By solving Eq.(2), we obtain the incident gamma ray
energy spectrum, N;.

The matrix elements are approximately expressed
as:
Vi+4avy /2

R(V,E)dV.

Vi-4V/2
Here, AV} is the pulse height interval. Since we usu-

Rij= 3

ally derive a square matrix, AV; is equal to AE;, the
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energy interval in the i-th energy bin. The value of £;
in Eq.(3) is chosen to be a central value in each inter-

val.

2 -2 Energy bin

The division of the energy range is determined so
that the photo-peaks due to 1.464 MeV gamma rays
emitted from %°K, 1.765 and 2.205 MeV from 2!*Bi
(U-series) and 2.615 MeV from 2Tl (Th-series)
may be included in a single bin, respectively. Fur-
thermore, the energy interval is set as nearly equal as
the full width at half maximum for each photo-peak.
Table 1 gives the energy intervals for the bins deter-
mined in the way mentioned above. The bin number
14 corresponds to “°K peak, 16 and 18 to 2!Bi and 20

to 208T1, respectively.
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2 -3 The response matrix

Tables 2-4 give 22x22 matrixes for different
types of Nal(Tl) scintillators for an isotropic field,
since it is known that the flux density and the dose
rate per unit solid angle are almost isotropic in the
natural environment?. The calculations were done
using a Monte Carlo code, SPHERIX ). A total of
1 000 000 histories were traced per each incident
energy. The resolution R for “°K and the power index
g given in the table captions will be described in

detail in a later section.

2 -4 Unfolding
From Eq.(2), the incident gamma ray spectrum
can be determined by one of several unfolding

methods®). Here, we give an iterative method as an

example.
Table 1 Basic quantities to evaluate dose rate and K, U and Th concentrations
Bin No.  Energy p,/p of air Cosmic ray Flux density
(MeV) (cm?-g™") count rate* (cm=2-MeVt-s™)

1% K 1 ppm U 1 ppm Th
01  0.050-0. 150 0.0234 15.0 5.47 4.32 2.12
02 0.150-0. 250 0. 0268 7.5 2.15 1. 59 0. 753
03  0.250-0. 350 0. 0288 4.9 1.09 0. 892 0. 340
04  0.350-0.450 0. 0295 3.1 0. 647 0.412 0. 168
05  0.450-0. 550 0.0297 2.3 0.471 0. 244 0.154
06  0.550-0.650 0. 0296 1.7 0. 397 0. 467 0.136
07  0.650-0. 750 0. 0293, 1.3 0. 321 0. 166 0. 0875
08  0.750-0.850 0. 0289 1.0 0. 266 0.137 0. 0797
09  0.850-0.950 0. 0285 0.88 0.272 0. 0887 0. 141
10 0.950-1. 050 0. 0280 0.70 0. 253 0.0777 0. 101
11 1. 050-1. 150 0. 0275 0.60 0. 257 0.171 0.0153
12 1. 150-1. 250 0.0271 0.50 0.218 0.126 0.0128
13 1. 250-1. 390 0.0265 0.40 0. 268 0. 0990 0.0124
14 1. 390-1. 540 0. 0258 0.37 2.13 0.0752 0.0212
15 1.540-1.690 0. 0253 0.28 0.0516 0. 0401
16 1.690-1. 840 0. 0246 0.24 0.170 0. 00972
17 1. 840-2. 100 0.0239 0.19 0.0129 0. 00540
18  2.100-2.310 0. 0232 0.16 0. 0382 0. 00756
19  2.310-2.510 0. 0227 0.13 0. 00825 0. 00664
20 2.510-2.720 0. 0221 0.12 0. 00156 0. 0901
21 2.720-3.000 0.0215 0.10
22 3.000-3. 200 0.0210 0. 090

* counts/s per MeV for a 3” ¢ spherical NaI(T1)

(32)
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Table 2 Response matrix for 3"¢ x 3" Nal(T)) in isotropic field: R=7.0(%), ¢ =0.34

oo 02 0 o 066 06 07 B8 0 10

1

12

B 14 15 16 17 18 19 20 21 2

01 66.73
02 1.95 60.02
03 4.65 1.04 50.07
4.88 4.97 0.26 40.89
471 449 452 0.19 33.98 0.01
406 424 3.92 0.2 20.05 0.07

401 340 0.3425.12 0.20

418

3.60 3.60 3.70

311 314 3.16 3.37 3.88 3.01 0.53 21.9 0.40

268270 272 28 315 3.75 269 0.77 19.31 0.64

235234238 246 265 297 3.61 238 0.9717. 14

206 207 208 212 225 2.47

1.8 1.83 1.84 1.9 1.9% 210

1.63 1.61 1.61 1.63 1.67 1.76

1.39 1.38 1.39 1.38 142 1.47 1.56 L7l

120 118 1.19 1.21 1.2 1.48

103 1.03 1.04 .04 1.05 .08 1.30 1.31

0.8 0.87 0.86 0.86 0.8 0.89

18 0.71 0.71 0.71 0.72 0.73 0.72 0.74 0.75

19 0.61 0.61 0.61 0.61 0.62 0.63 0.65 0.63

20 0.53 0.53 0.54 0.52 0.53 0.55 0.53 0.54

21 0.47 0.46 0.45 0.45 0.45 0.46

22 0.39 0.40 0.39 0.38 0.40 0.39

0.8

284 343 215 1.2015.26 1.10

235273329 1.9 1.41 1363 1.3

192 216 250 3.02 224 0.81 13.95 0.58

190 221 261 276 1.44 1274 0.60

1.34 1.40 1.52 1.69 2.15 2.28 3.66 1.74 11.37 0.76

1.28 1.37 1.45 1.82 3.08 3.64 1.8410.15 0.93

0.91 094 .23 1.36 1.2 1.27 1.9 317 3.41 209 10.84 0.15

0.77 0.81 0.94 1.49 1.60 1.84 251 3.27 423 9.07 0.57

0.65 0.67 0.69 0.72 1.53 1.95 1.71 2.04 5.50 3.08 8.03 0.78

0.56 0.56 0.59 0.60 0.89 1.18 2.21 1.66 3.77 442 2.90 7.48 0.80
0.46 0.47 0.47 0.48 0.49 0.50 0.71 0.82 0.90 1.66 3.25 2.87 429 3.12 7.89 0.4
0.40 0.39 0.40 0.41 0.42 0.41 0.62 0.69 0.72 0.76 2.58 2.64 2.47 4.53 438 5. %2

We set N, the first order approximation to N,
equal to the observed pulse height distribution P,
namely, Nj“)=Pj(°). Next, we set P, the first order

approximation to P;, as follows:

n
@
P=3 RN, 4
ji=1
In general,
PO=) RyN®. ©)

ji=1
The j-th element of the k+1 approximation of the

spectrum N;**1 is given as follows:

©

(k)
(k+1) N;
N"'=—L_p;

J (k)
i

The iterative cycle is repeated until the series of trial

(6)

vector N® achieves a satisfactory degree of conver-
gence. A cycle of 20 is chosen in this paper.

Figure 1 shows an example of a measured pulse

(33)

height distribution. The peak search was made for
49K and 2%8T1 photo-peaks for energy calibration to
allot the counts into each energy bin. To determine
the peak positions by smoothing the distribution, we
took the first 20 terms, i.e., n,,,=20, of the coeffi-
cients in Fourier expansion.

Next, a cosmic ray contribution® was subtracted
from the pulse height distribution using Table 1 by
normalizing at the energy bin 22. The cosmic ray
count rate values given in Table 1 are only for a 3"¢
spherical scintillator. We, however, use this shape
for the other types of scintillators also as an approxi-
mation. Moreover, a “°K contamination contribution
due to a photo-multiplier tube should be subtracted in
advance”.

The observed spectrum shown in Fig. 2 is the
resultant unfolded flux density, (I)j, where
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Table 3 Response matrix for 2"¢ x 2" Nal(Tl) in isotropic field: R=7.0(%), g=0.45

o 02 B o4 06 06 07 08

10

1

12

13 14 15 16 17 18 19 20 21 2

01 29.48

02 0.9 25.29

03 237 0.4719.08
04254 230 0121424

0523 211 202 0.0811.07

06 1.9 1.87 1.89 1.74 0.09 898 0.02

07 1.66 1.61 1.63 1.75 1.460.12 7.45 0.06

08139 13 1.3 14 1.64 1.27 0.17 6.33 0.11

09 1.18 1.15 .15 1.19 1.3 1.5 112

10 .02 0.9 1.01

0.87

L0l L06 L2 1.48

11 0.88 0.8 0.89 0.91 0.9 116

1207 0.77 0.76 0.7 0.7 0.8 0.93

13 0.67 0.66 0.65 0.65 0.68 0.68 0.76

14 0.57 0.57 0.57 0.55 0.58 0.58 0.61

15 0.49 0.48 0.48 0.47 0.48 0.60 0.52

16 0.42 0.42 0.42 0.41 0.41 0.43 0.52

17 0.34
18 0.8 0.28 0.28 0.9
19024 024 0.24 0.23
20021 020 0.21 0.2
21 0.18

2 015

0.23 54 018

0.98 0.29 470 0.24

139 0.8 0.3 412 0.3 -

1.08 1.31 0.76 0.40 3.64 0.36

0.85 0.9 1.18 0.90 0.25 3.67 0.15

0.66 0.72 0.85 1.03 1.09 0.49 3.28 0.16

0.55 0.53 0.64 0.80 0.86 1.42 0.58 290 0.20

0.51 0.49 0.54 0.5 0.68 1.14 1.40 0.60 255 0.23

0.34 0.34 0.34 0.35 0.35 0.36 0.36 0.50 0.53 0.46 0.49 0.75 1..14 1.29 0.78 2.68 0.04

028 0.29 0.29 0.30 0.30 0.30 0.37 0.62 0.61 0.69 0.90 1..17 1.52 220 0.14

0.24 024 0.25 0.25 0.25 0.26 0.26 0.27 0.62 0.77 0.63 0.74 1.9 1.06 1.9 0.19

0.21 0.21 0.21 0.22 0.21 0.22 0.23 0.23 0.33 0.45 0.92 0.62 1.36 1.53 0.9 1.78 0.19
0.18 0.17 0.18 0.17 0.17 0.17 0.18 0.18 0.18 0.19 0.19 0.27 0.31 0.33 0.68 1.29 1.04 1.44 1.07 1.88 0.10
0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.16 0.15 0.16 0.17 0.23 0.26 0.27 0.29 1.04 1..05 0.90 151 1.43 1.3

. N
d?] )
AE

The description of the theoretical spectrum shown

j=1,2,..,22 %)

in the figure will be given in a later section.

3. Evaluation of Potassium, Uranium
and Thorium Concentrations

Figure 2 reveals the clear peaks due to *“°K (Bin
No. 14), 214Bi (Nos. 16 and 18) and 2%¥T1 (No. 20).
From the intensities of the peaks, we can estimate the
concentrations of K, U and Th by comparing with
theoretically evaluated flux density spectra due to
these nuclides. The flux density spectra used so far
were computed by assuming the soil to be aluminum
based on relatively old nuclear data? 4 ®. In this
study, therefore, we reevaluate the flux densities

using a new model.

(34)

The flux densities in these bins consist of primary
(unscattered) components due to “°K, U-, and Th-
series and scattered components caused by the pri-
maries. In the first place, therefore, we have to calcu-
late these components for unit concentrations of K, U
and Th in the environment. To do this, we assume the
K, U and Th sources to be uniformly distributed in
the ground with infinite half-space geometry. The
composition of the soil is assumed to be SiO, alone
as an approximation. Its bulk density is, however,
chosen to be 1.6 g/cm?3. The density of air is taken to
be 1.205 mg/cm>. We use a gamma ray transport cal-
culation code to obtain the flux densities at 1 m
above the ground.

Since the primary components consist of discrete
line spectra, these have to be assigned appropriately

to the respective energy bins. We characterize by the
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Table 4 Response matrix for 3"¢ spherical Nal(Tl) in isotropic field: R=7.0(%), g=0.40

oo 02 03 04 06 06 07 08 0 10 11 12 13 14 15 16 17 18 19 20 21 2

Ol 45.24

02 1.334228

03 3.31 0.72 35.56

04 3.62 3.56 0.18 8.77

05 3.53 3.26 3.19 0.13 23.65 0.01

06 309 3.01 30828 0.1520.00 0.05

07 263 2.68 269 293 2.45 0.24 17.16 0.14

08228231 23424328 216 0.3148 0.28

09 195 1.98 202 210 228 271 1.87 0.50 13.01 0.44

10 .69 1L.73 1.75 1.82 1.92 213 2.59 1.70 0.67 11.48 0.60

11 149 1.50 1.53 1.57 1.66 1.78 2.06 2.47 1.53 0.81 10.16 0.75

12 132 .33 1.35 1.33 1.44 1.53 1.67 1.97 235 1.36 0.94 9.08 0.8

13 L17 L15 117 1.21 1.2 1.28 1.38 1.55 1.81 2.17 1.59 0.54 9.22 0.37

14 0.9 1.00 1.02 .02 1.07 1.09 1.18 1.23 1.34 1.55 1.85 1.9 0.9 835 0.38

15 0.8 0.85 0.8 0.85 0.90 1.07 0.97 1.03 1.11 1.18 1.49 1.63 263 1.19 7.42 0.50

16 0.74 0.73 0.75 0.76 0.75 0.78 0.95 0.95 0.93 0.98 1.05 1.29 219 262 1.24 6.63 0.60

17 0.61 0.62 0.62 0.62 0.63 0.64 0.65 0.68 0.91 0.97 0.85 0.91 1.41 222 245 1.42 7.04 0.10

18 0.50 0.51 0.51 0.51 0.52 0.52 0.54 0.55 0.5 0.57 0.70 1.11 1.15 1.32 1.74 2.32 294 5.8 0.36

19 0.44 0.44 0.45 0.44 0.43 0.46 0.46 0.46 0.48 0.49 0.50 0.51 1.10 1.41 1.2 1.42 385 211 519 0.50

20 0.37 0.37 0.39 0.38 0.38 0.38 0.40 0.40 0.40 0.41 0.42 0.44 0.64 0.85 1.61 1.17 262 3.09 1.97 482 0.51
21 0.330.32 032 0.32 0.32 0.32 0.33 0.34 0.35 0.34 0.35 0.36 0.52 0.60 0.65 1.20 2.32 2.00 29 215 5.05 0.27
22 0.280.27 0.27 0.28 0.28 0.28 0.28 0.29 0.30 0.30 0.30 0.31 0.44 0.49 0.52 0.56 1.85 1.88 1.74 3.11 3.01 3.7

10

1l
13
=]

|
3"¢ spherical NaI(Tl)
600 sec

0 | | \
0 100 200 300 400 S00

Channel number

Log (counts/channel)
T T
40
20871 (2.615 MeV)

Fig. 1 Pulse height distribution.

suffix m the energies of primary gamma rays emitted E~En _»p

NS = —/—="NEP
from K, U- and Th-series. In addition, we denote the “ E;-E;j-
central value of each energy bin by E;. Then, the En-E;-
1 enetgy Y5 NS =" ZENE 8)
assignment of the primary components can be made E;,-E;
from the following formulas. In Table 1, the calculated results for the primary

(35)
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Fig. 2 Unfolded spectrum of the pulse height distribution
shown in Fig.1.

Table 5 A 3x3 matrix to evaluate K, U and Th

concentrations
K (Vu) U (Vls, lB) Th (Vzo)
K(E,) 0. 320
U(Ege) 0.0113  0.0335  0.000327
Th(E,)  0.00318  0.00305 0.0189

plus scattered components are presented for unit con-
centrations of K, U and Th in the soil. The calcula-
tions were done using a Monte Carlo code,
MONARIZA/G2®. A total of 1 000 000 histories
were traced for K, U and Th, respectively. The data
of emission energies and disintegration rates were
taken from Beck® and Beck et al.'?).

The concentrations of K, U and Th are calculated
from the values of N4, N16+N;g and N by the iter-
ative method through the 3x3 matrix given in Table
5, which was derived by multiplying the correspond-
ing flux density given in Table 1 by the energy inter-

val of each energy bin.

4. Diagonal Elements Fitting (DEF)

Originally, the response matrix method was

developed to analyze continuous spectra. However,

RADIOISOTOPES
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for a spectrum including both continuous and dis-
crete components like an environmental gamma ray
spectrum, the response matrix with sufficient preci-
sion has to be used for unfolding. Otherwise, it can
lead to large oscillations in the energy bins adjacent
to the peaks of K, U and Th.

Although Tables 2-4 are for a resolution for K
photo-peak to be 7 %, there are a wide variety of
commercially available scintillators in resolution. In
other words, every detector resolution is different
from one another. The Monte Carlo method is too
time-consuming to recalculate the response matrix
fitted to every resolution of detectors. The technique
of DEF enables us to reconstruct a new matrix easily
and quickly from the standard response matrix.

4 -1 Determination of the resolution function

It is well known that the photo-peak can be closely
approximated by a Gaussian whose mean value is
proportional to an incident energy E and whose stan-
dard deviation 6(£) must be obtained from experi-
mental data. The resolution of the detector is defined

to be the ratio

W (E)

r(E)y=——=X100 (%), &)
E

where W is the full width at half maximum of the
Gaussian, i.e.,
W =20/2In2. (10)
The energy dependence of the detector resolution

can be expressed by a power law,

E Y

where E” is a reference energy which we take to be

(amn

r(E)=r(E‘)<

the energy of “°K gamma rays (1.464 MeV) in this
study. The power index q is usually taken to be 0.34
for 3"¢x 3" Nal(T1)'). For 2"¢ x 2", and 3" ¢ spher-
ical Nal(T1), we adopt the value of g=0.45 and 0.40,
respectively, which were determined by experiments

in this work.
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R=7%% = 11%

4 2 Correction for the diagonal and the
neighboring elements
We explain here how to modify the matrix ele-
ments referring to the row 10 of a matrix as an exam-
ple (See Fig. 3). Let us assume that the resolution for
40K photo-peak of the detector used amounts to
R=11%. The new matrix elements for the energy bins

09, 10 and 11 can be calculated in accordance with

31

Energy (MeV)

Fig. 3 Comparison between the original and the broadened photo-peaks.

the Gaussian distribution using Egs. (9)-(11). We
replace the old values in these bins with the new ele-
ments. It should be noted that, in the bin 09, a Comp-
ton edge is included in addition to the photo-peak
component. The Compton component is evaluated,
in advance, by subtracting the count in the bin 11
from that in 09. All the diagonal elements and the

neighbors are replaced in the manner just mentioned.

= 10 |-
< N
E - 2"¢ x 2" NaI(Tl)
S T 3300 s
g s
[=] |
<
[
S
0 L 1 1
0 100 200 300 400 500
Channel number
103
R=5.5(%) R=7.5(%) R=9.5(%)
~ l;" (T)::::::j " DsDcr=1.07 DsyDer=1.01 DsyDcr=0.91
7 2
> 107 K:23 (%) B K: 2.4 (%) B K: 2.6 (%)
2 U: 3.1 (ppm) U: 3.2 (ppra) U: 3.5 (ppm)
E Th: 7.8 (ppm) Th: 8.1 (ppm) Th: 8.6 (ppm)
- 1|E 1
w 107 [ I _ —
) § E
2 100“ — — = —
E = =
R = I= =
<3}
102
0 1 2 30 1 2 30 1 2
Energy (MeV) Energy (MeV) Energy (MeV)

Fig. 4 Comparison among three spectra unfolded by different resolutions.

(37)
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The full description of the procedure mentioned

above and its calculation code is given in Ref.12.
5. Example of Application

Figure 4 shows the spectra unfolded from a single
pulse height distribution given at the upper part in the
figure for the three different values of resolution for
40K photo-peak. The concentrations of K, U and Th
were estimated using Table 5. The theoretical spec-
trum was obtained by multiplying the flux density
per unit concentration in Table 1 by the respective
concentration values estimated above.

The absorbed dose rate in air is calculated from
the following two methods. One is from a spectral

integration of the unfolded spectrum.

22

Dy = Gy ), Ei (ual0); B A
j=1

12)

Here, Dyg; is the dose rate, E; is the incident gamma
ray energy, @; is the flux density, and ( ueq/p); is the
mass energy-absorption coefficient of air, which is
given in Table 1'®, and Gy is a constant. The value
of Gy amounts to 577 for the units of nGy-h-!, MeV,
em?+s71-MeV-!, and cm?- g, respectively.

The other is from conversion factors evaluated by
Beck et al.'? for uniformly distributed natural radio-
nuclides in the soil, i.e.,

Dcr = 13.0Cx +5.4Cu + 2.7Cm, (13)
where, Cy(%), Cy(ppm) and Cyy(ppm) are the
respective concentrations of K, U and Th in the soil.

The term Dg/Dcr in Fig.4 represents the dose
rate ratio. For the natural environment, the case, Dg;/
D¢y =1, results in the most probable concentrations
of the three nuclides.

When there is a man-made source in the environ-
ment, we can estimate the additional contribution
from the value of Dg;—DcF. Figure 5 shows an exam-
ple of discriminating a very weak contribution of
137Cs from natural component.

As far as the dose rate evaluation is concerned,

RADIOISOTOPES
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3
10
™ Observed
P E5 Natural
S 102
- 0
s 5 R=9.0 (%)
—_ - Dst-Dcr=7.4 mGy/h)
. 1
» 10 l
g
= 10°E
X = =
- |
= 10 =
5) T T
1075 1 2 3
Energy (MeV)

Fig. 5 Discrimination between the natural component
and the weak gamma rays emitted from 137,

there is no big change due to updating the standard
response matrix and flux density data. However, for
the estimation of K, U and Th concentrations, con-
siderable improvement is expected. Furthermore, the
estimation of U concentration has so far been per-
formed by using the energy bin 16 alone?, while we
used the two energy bins 16 and 18 in this study. This
change may affect the evaluated results slightly. A
general description on the accuracy of the DEF

method will be published in the near future.
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