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1. Introduction

An original response matrix for terrestrial gamma 

ray spectrum unfolding was derived in 1970' to 

evaluate the exposure rates. Since then, some 

improvements have been made to obtain not only the 

exposure rate but also many more pieces of informa-

tion about terrestrial gamma ray fields such as effec-

tive dose rate, concentrations of potassium (K), 

uranium (U) and thorium (Th) in the environment 

and discrimination between natural and man-made 

contributions2).

In this paper, standard response matrixes are 

reevaluated for various sizes of NaI(Tl) scintillators 

so that a more precision spectrum unfolding can be 

done. In addition, parameters required to evaluate the 

concentrations of K, U and Th are also updated.

In order to evaluate the quantities just mentioned 

as accurately as possible, we have to prepare a 

response matrix tailored to the performance of indi-

vidual scintillators. This paper proposes a diagonal 

elements fitting (DEF) technique. From the standard 

response matrix, this technique enables us to repro-

duce a new matrix easily and quickly matching the 

resolution for a scintillator used for measurement.

2. Outline of the Response Matrix 

Method

2 1 Principle

The spectrum unfolding3) is carried out based on 

the relationship between a measured pulse height 

distribution, P(V), and an incident gamma ray 

energy spectrum, N(E),

where R (V,E) is the response function of the detec-

tor.

Since pulse height distributions are measurable at 

a set of discrete energy bins, Eq.(1) can be replaced 

by a matrix equation

By solving Eq.(2), we obtain the incident gamma ray 

energy spectrum, Nj.

The matrix elements are approximately expressed 

as:

Here, •¬Vi is the pulse height interval. Since we usu-

ally derive a square matrix, aril is equal to AE, the
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energy interval in the i-th energy bin. The value of Ej 

in Eq.(3) is chosen to be a central value in each inter-

val.

2.2 Energy bin

The division of the energy range is determined so 

that the photo-peaks due to 1.464 MeV gamma rays 

emitted from 40K, 1.765 and 2.205 MeV from 214Bi 

(U-series) and 2.615 MeV from 208T1 (Th-series) 

may be included in a single bin, respectively. Fur-

thermore, the energy interval is set as nearly equal as 

the full width at half maximum for each photo-peak. 

Table 1 gives the energy intervals for the bins deter-

mined in the way mentioned above. The bin number 

14 corresponds to 40K peak, 16 and 18 to 214Bi and 20 

to 208T1, respectively.

2.3 The response matrix

Tables 2-4 give 22x22 matrixes for different 

types of NaI(T1) scintillators for an isotropic field, 

since it is known that the flux density and the dose 

rate per unit solid angle are almost isotropic in the 

natural environment4). The calculations were done 

using a Monte Carlo code, SPHERIX 5}. A total of 

1 000 000 histories were traced per each incident 

energy. The resolution R for 40K and the power index 

q given in the table captions will be described in 

detail in a later section.

2.4 Unfolding

From Eq.(2), the incident gamma ray spectrum 

can be determined by one of several unfolding 

methods3). Here, we give an iterative method as an 

example.

Table 1 Basic quantities to evaluate dose rate and K, U and Th concentrations

*counts/s per MeV for a 3" spherical NaI(T1)

(32)
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Table 2 Response matrix for 3"4 x 3" NaI(Tl) in isotropic field: R=7.0(%), q=0.34

We set NJ'), the first order approximation to N~ , 
equal to the observed pulse height distribution 

namely, N~(1)=P~(°). Next, we set p(i), the first order 

approximation to Pi, as follows:

The j-th element of the k+1 approximation of the 

spectrum N~ (k+l) is given as follows:

The iterative cycle is repeated until the series of trial 

vector N(k) achieves a satisfactory degree of conver-

gence. A cycle of 20 is chosen in this paper.

Figure 1 shows an example of a measured pulse

 height distribution. The peak search was made for 

40K and 208Tl photo-peaks for energy calibration to 

allot the counts into each energy bin. To determine 

the peak positions by smoothing the distribution, we 

took the first 20 terms, i.e., nmax-20, of the coeffi-

cients in Fourier expansion.

Next, a cosmic ray contribution6) was subtracted 

from the pulse height distribution using Table 1 by 

normalizing at the energy bin 22. The cosmic ray 

count rate values given in Table 1 are only for a 3"4 

spherical scintillator. We, however, use this shape 

for the other types of scintillators also as an approxi-

mation. Moreover, a 40K contamination contribution 

due to a photo-multiplier tube should be subtracted in 

advance).

The observed spectrum shown in Fig. 2 is the 

resultant unfolded flux density, 4, where

(33)
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Table 3 Response matrix for 2"4 x 2" NaI(Tl) in isotropic field: R=7.0(%), q=0.45

The description of the theoretical spectrum shown 

in the figure will be given in a later section.

3. Evaluation of Potassium, Uranium 

   and Thorium Concentrations

Figure 2 reveals the clear peaks due to 40K (Bin 

No. 14), 214Bi (Nos. 16 and 18) and 208T1 (No. 20). 

From the intensities of the peaks, we can estimate the 

concentrations of K, U and Th by comparing with 

theoretically evaluated flux density spectra due to 

these nuclides. The flux density spectra used so far 

were computed by assuming the soil to be aluminum 

based on relatively old nuclear data2>, 4), 8). In this 

study, therefore, we reevaluate the flux densities 

using a new model.

The flux densities in these bins consist of primary 

(unscattered) components due to 40K, U-, and Th-

series and scattered components caused by the pri-

maries. In the first place, therefore, we have to calcu-

late these components for unit concentrations of K, U 

and Th in the environment. To do this, we assume the 

K, U and Th sources to be uniformly distributed in 

the ground with infinite half space geometry. The 

composition of the soil is assumed to be Si02 alone 

as an approximation. Its bulk density is, however, 

chosen to be 1.6 g/cm3. The density of air is taken to 

be 1.205 mg/cm3. We use a gamma ray transport cal-

culation code to obtain the flux densities at 1 m 

above the ground.

Since the primary components consist of discrete 

line spectra, these have to be assigned appropriately 

to the respective energy bins. We characterize by the

(34)
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Table 4 Response matrix for 3'4 spherical NaI(Tl) in isotropic field: R=7.0(%), q=0.40

Fig. 1 Pulse height distribution.

suffix m the energies of primary gamma rays emitted 

from K, U- and Th-series. In addition, we denote the 

central value of each energy bin by E1. Then, the 

assignment of the primary components can be made 

from the following formulas. In Table 1, the calculated results for the primary

(35)
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Fig. 2 Unfolded spectrum of the pulse height distribution 

shown in Fig.l.

Table 5 A 3x3 matrix to evaluate K, U and Th 

concentrations

plus scattered components are presented for unit con-

centrations of K, U and Th in the soil. The calcula-

tions were done using a Monte Carlo code, 

MONARIZA/G2 g). A total of 1 000 000 histories 

were traced for K, U and Th, respectively. The data 

of emission energies and disintegration rates were 

taken from Beck9> and Beck et al. 10)

The concentrations of K, U and Th are calculated 

from the values of N14, N16+N1 g and N20 by the iter-

ative method through the 3x3 matrix given in Table 

5, which was derived by multiplying the correspond-

ing flux density given in Table 1 by the energy inter-

val of each energy bin.

4. Diagonal Elements Fitting (DEF)

Originally, the response matrix method was 

developed to analyze continuous spectra. However,

for a spectrum including both continuous and dis-

crete components like an environmental gamma ray 

spectrum, the response matrix with sufficient preci-

sion has to be used for unfolding. Otherwise, it can 

lead to large oscillations in the energy bins adjacent 

to the peaks of K, U and Th.

Although Tables 2-4 are for a resolution for K 

photo-peak to be 7 %, there are a wide variety of 

commercially available scintillators in resolution. In 

other words, every detector resolution is different 

from one another. The Monte Carlo method is too 

time-consuming to recalculate the response matrix 

fitted to every resolution of detectors. The technique 

of DEF enables us to reconstruct a new matrix easily 

and quickly from the standard response matrix.

4.1 Determination of the resolution function

It is well known that the photo-peak can be closely 

approximated by a Gaussian whose mean value is 

proportional to an incident energy E and whose stan-

dard deviation 6(E) must be obtained from experi-

mental data. The resolution of the detector is defined 

to be the ratio

where W is the full width at half maximum of the 

Gaussian, i.e.,

The energy dependence of the detector resolution 

can be expressed by a power law,

where E* is a reference energy which we take to be 

the energy of 40K gamma rays (1.464 MeV) in this 

study. The power index q is usually taken to be 0.34 

for 3"41 x 3" NaI(Tl)11)• For 2"41 x 2", and 3" 41 spher-

ical NaI(Tl), we adopt the value of q=0.45 and 0.40, 

respectively, which were determined by experiments 

in this work.

(36)
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Fig. 3 Comparison between the original and the broadened photo-peaks.

4 2 Correction for the diagonal and the 

     neighboring elements

We explain here how to modify the matrix ele-

ments referring to the row 10 of a matrix as an exam-

ple (See Fig. 3). Let us assume that the resolution for 
40K photo-peak of the detector used amounts to 

R=11 %. The new matrix elements for the energy bins 

09, 10 and 11 can be calculated in accordance with

 the Gaussian distribution using Eqs. (9)-(11). We 

replace the old values in these bins with the new ele-

ments. It should be noted that, in the bin 09, a Comp-

ton edge is included in addition to the photo-peak 

component. The Compton component is evaluated, 

in advance, by subtracting the count in the bin 11 

from that in 09. All the diagonal elements and the 

neighbors are replaced in the manner just mentioned.

Fig. 4 Comparison among three spectra unfolded by different resolutions.

(37)



470 Vol. 50, No. 10RADIOISOTOPES

The full description of the procedure mentioned 

above and its calculation code is given in Ref.12.

5. Example of Application

Figure 4 shows the spectra unfolded from a single 

pulse height distribution given at the upper part in the 

figure for the three different values of resolution for 

40K photo -peak . The concentrations of K, U and Th 

were estimated using Table 5. The theoretical spec-

trum was obtained by multiplying the flux density 

per unit concentration in Table 1 by the respective 

concentration values estimated above.

The absorbed dose rate in air is calculated from 

the following two methods. One is from a spectral 

integration of the unfolded spectrum.

Here, DSI is the dose rate, E1 is the incident gamma 

ray energy, Cj is the flux density, and (lien/ p)j is the 

mass energy-absorption coefficient of air, which is 

given in Table 113), and Gv is a constant. The value 

of Gv amounts to 577 for the units of nGy • h'', MeV, 

cm 2 MeV-', and cm2 • g'1, respectively.

The other is from conversion factors evaluated by 

Beck et al.101 for uniformly distributed natural radio-

nuclides in the soil, i.e.,

DCF = 13.OCx+5.4Cu+ 2.7Cm, (13) 

where, CK(%), CU(ppm) and CTh(ppm) are the 

respective concentrations of K, U and Th in the soil.

The term DSI/DCF in Fig. 4 represents the dose 

rate ratio. For the natural environment, the case, DSII 

DCF =1, results in the most probable concentrations 

of the three nuclides.

When there is a man-made source in the environ-

ment, we can estimate the additional contribution 

from the value of DSI-DCF. Figure 5 shows an exam-

ple of discriminating a very weak contribution of 

137Cs from natural component .

As far as the dose rate evaluation is concerned,

there is no big change due to updating the standard 

response matrix and flux density data. However, for 

the estimation of K, U and Th concentrations, con-

siderable improvement is expected. Furthermore, the 

estimation of U concentration has so far been per-

formed by using the energy bin 16 alone21, while we 

used the two energy bins 16 and 18 in this study. This 

change may affect the evaluated results slightly. A 

general description on the accuracy of the DEF 

method will be published in the near future.

Fig. 5 Discrimination between the natural component 

    and the weak gamma rays emitted from 137Cs.
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